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Figure-eight knot <
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Colored Jones polynomial of ©  at the N-th root of unity

N-1 k
Jn(E;exp(2nyv/—1/N)) = Z Hg],
k=0 j5=1
where
g; = 4sin*(jn /N).
We also put
k
fi =119
j=1
so that

Jn(E;exp(2nv/—1/N)) = ka
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Vol = L(a) + L(B) + L(~)

log Jy(E;exp(2my/—1/N))  6L(w/3)

— I _
N e N o

is the volume of the complement of .

The complement of - can be decomposed into two
ideal hyperbolic tetrahedra. So the Volume

Conjecture is true for « .
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The Volume Conjecture is true for ...

The Volume Conjecture is known to be true for
Figure-eight knot (T. Ekholm).

Torus knots (R. Kashaev and O. Tirkkonen).
Note that Vol of these knots are zero, since the knot
complements are Seifert fibered.

Whitehead doubles of torus knots of type (2, p)
(H. Zheng).

Twisted Whitehead links (H. Zheng).
Borromean rings (S. Garoufalidis and T. Lé).
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INn(K;q) = Z H RZZ

labelings crossings

= Jy(K;exp(2my/—1/N)) would be dominated by the
biggest || R
Crossings

F\: the biggest one () Is the labeling).
We could expect

log | J(K; exp(2my/—1/N))| log F)

Y

N N—00 N
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‘Proof’ of the VC (2) — Yokota's observation

log F'\ log
N = 2

crossings

Y

(biggest one)

Y. Yokota observed (after D. Thurston) that for each

crossing
log
N N—00

sum of the volumes of the four hyperbolic

tetrahedra around t
The labels would corres

ne crossing

pond to the complete

hyperbolic structure of the knot complement (if the
knot has a complete hyperbolic structure).
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Four tetrahedra around a vertex
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Why Yokota’s method doesn’t work even for a
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What's wrong?

Why Yokota’s method doesn’t work even for a
hyperbolic knot:

We don’t know whether the method above gives the
genuine limit.

To find the ‘biggest term’, we have to solve a system of
equations that corresponds to the hyperbolicity
condition of the knot complement.

= We have several solutions corresponding to the
stationary points.

The problem is which solution gives the ‘biggest one’.
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Complexification

Complexification (J. Murakami, M. Okamoto,

T. Takata, Y. Yokota, HM)

log Jy (K;exp(2my/—1/N))

- _ 3

2T ]\1[13;0 N = Vol(S° \ K).
. log Jy (K;exp(2my/—1/N))

27 lim

N—=00 N
= Vol(S\ K) +v—1 (5°\K).

One may regard this as a definition of the
Chern—-Simons invariant for a (non-hyperbolic) knot.
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